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We shall define "q-plane parity patterns" from a topological point of view, 
thus generalizing the concept of parity pattern of an even triangulated polygon 
as introduced by N. C. Dalkey in this Journal (1967); then we shall give a 
combinatorial characterization f such patterns. This will provide us with a 
generalization of some results of Griinbaum and Malkevitch. 
I. INTRODUCTION 
We shall define "q-plane parity patterns" from a topological point 
of view, thus generalizing the concept of parity pattern of an even triangu- 
lated polygon as introduced by Dalkey in this Journal [1]; then we shall 
give a combinatorial characterization of such patterns. This will provide 
us with a generalization of some results of Griinbaum [2] and 
Malkevitch [3]. 
All definitions not given here will be found in the books by Ore [4], 
Berge [5], and Harary [6]. 
All graphs will be finite, undirected, without loops or multiple edges. 
A graph G is defined by its vertex-set V(G) and its edge-set E(G). 
An n-pattern (n ~ 3) is a pair (C, s) where C is an elementary cycle 
with [ V(C)[ ~- n, and s is a mapping of V(C) into {--1, + 1}. 
1. q-Plane Parity Patterns 
Let G be a 2-connected plane graph. The boundary of a face fo f  G is an 
elementary cycle C of G(V(C) C_ V(G), E(C) C_ E(G)); the length of f  will 
be defined as T f ]  ---- I V(C)[ = t E(C)t. A vertex v of G will be said exterior 
if it belongs to the boundary of the infinite face of G, interior otherwise. 
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An even q-angulation (respectively, ~/-angulation) of order n (q >~ 3, 
n /> 3) is a 2-connected plane graph G which satisfies to the following 
properties: 
the length of any finite face is a multiple of q (respectively, equals q); 
the length of the infinite face is n; 
the degree of any interior vertex is even. 
Let C be the boundary of the infinite face of G and p be the mapping of 
V(C) into {--1, +1} defined by: 
if v ~ V(C) is of even degree in G, p(v) = + 1; 
if v ~ V(C) is of odd degree in G, p(v) = -- 1. 
The n-pattern (C, p) will be called the parity pattern of G. 
The following diagram describes an even 7r G of order 4 and 
an even 4-angulation G' of order 4 together with their (isomorphic) 
parity patterns. 
-1 I 
FIGURE 1 
An (n, q)-plane parity pattern is an n-pattern which is the parity pattern 
of some even q-angulation G of order n. In order to formulate a combi- 
natorial characterization f q-plane parity patterns we shall introduce the 
concept of "boundary pattern." 
2. Boundary Patterns 
Let C be an elementary cycle with I V(C)[ = n >/3. The line-graph 
L(C) of C is an elementary cycle with vertex set E(C). Let (L(C), r) be 
an n-pattern. Let s be the mapping of V(C) into {--1, + 1} defined by: 
Vv ~ V(C), if e and e' are the two distinct edges of C incident with 
v: s(v) = r(e) x r(e'). The n-pattern (C, s) will be called the boundary 
pattern of (L(C), r). Note that 1--I~v(c) s(v) ---- [I-L~(c) r(e)] 2-- 1. Con- 
versely, let (C, s) be an n-pattern with I lwv(c)s(v) = 1. It will be easy 
to construct an n-pattern (L(C), r) with boundary pattern (C, s); moreover 
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(L(C), r) and (L(C), r') (with r'(e)=--r(e) Ve E E(C)) will be the only 
patterns atisfying to this property. For instance, we show in the following 
diagram that the parity pattern of the even 7~-angulation G of Fig. 1 is a 
boundary pattern. 
- I ~  -1 
-1 -I 
-1 -1 1 
FIGURE 2 
3. Statement of the Result 
Let C be an elementary cycle of length n (n >~ 3), and (L(C), r) be an 
n-pattern. (L(C), r) will be said q-balanced (q >t 3) if Y~,~E'tc) r(e) =-- 0 
(rood q). We shall prove the following result: 
THEOREM. Vn >/ 3, Vq ~.~ 3, an n-pattern is a q-plane parity pattern 
if and only if it is the boundary pattern of a q-balanced n-pattern. 
II. THE CONDITION IS NECESSARY 
PROPOSmON 1. Vn >~ 3, Vq ~> 3, any (n, q)-plane parity pattern is 
the boundary pattern of a q-balanced n-pattern. 
Proof Let G be an even q-angulation of order n (n >~ 3, q >7 3), 
and (C, p) be its parity pattern. (Thus C is the boundary of the infinite 
face of G). Let I = {v E V(C)/p(v) ~- --1}. G has an even number of! 
vertices of odd degree; hence, [ I I  is even. Let us construct from G a 
plane graph G' in the following way: 
If I = ~, we take G' identical to G. 
If not, we place a new vertex u inside the infinite face of G and we joini 
u (without crossings) by an edge to every vertex of L 
G' is a 2-connected plane graph, every vertex of which has even degree, i 
Hence G' has a face coloration in two colors, red and blue. Let F1 be the~ 
set of red faces of G', F~ be the set of blue faces of G' and Fo be the set off 
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faces of G' lying inside C. Let r be the mapping of E(C) into {-- 1, + 1} 
defined by: Ve ~ E(C), if e belongs to the boundary of a face of Ft -- F0, 
r(e) = + 1; if e belongs to the boundary of a face ofF2 -- Fo, r(e) = --1. 
It will be easily checked that the boundary of the n-pattern (L(C), r) is 
exactly (C, p). 
We now show that (L(C), r) is q-balanced. Counting the edges of G' 
in two ways, we obtain 
X sfE = E  fi. 
i~F 1 S~F~ 
The lengths of the elements of Fo are multiples of q. Hence 
E I f l  ~ ~ I f l  (modq). 
S~'~-p o me2-e o 
I f  I = ~ one of the terms of the preceding congruence is zero and the 
other equals I ~,,~e(c) r(e)r; hence (L(C), r) is q-balanced. 
If I # ~: Z,~e(c) r(e) = (Zi~rl_eo (If l  -- 2)) -- (Zs~F,-v, (If[ - 2)). 
Since [F1  - -  Fo I = I F~ -- Fo 1, we check that (L(C), r) is q-balanced also 
in this case. This completes the proof. 
III. THE CONDITION IS SUFFICIENT 
PROPOSITION 2. The boundary pattern of any q-balanced n-pattern 
(n >~ 3, q /> 3) is an (n, q)-plane parity pattern. 
In fact, we shall prove Vn ~> 3 the following (more precise) result: 
(P,~) let C be an elementary cycle of length n, L(C) the line-graph of C 
and (L(C), r) a q-balanced n-pattern (Vq/> 3) with boundary pattern 
(C, s). Then there exists an even 7/-angulation G with parity pattern (C, s). 
(a) We omit the easy proof that P3 and P4 are true. 
(b) Suppose that P,  is true for every n < no (no >1 5) and let us 
prove P%. 
(a) If q = n o and r takes only one of the two values -- 1 and + 1, 
we may choose as the q-angulation G the cycle C itself. 
(/3) Otherwise let us show that there exists a chain K of C such 
that : 
I E(K)I > 2, I E(C) -- E(K)I > 2 
r(e)--+l (rood q). 
e~E(K) 
Indeed only two cases may occur: 
582b/zz/3-2 
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First  case. We can find two adjacent edges of C, say e and e' with 
r(e) = -k 1 and r(e')  ~- --1; let e" be the edge of C distinct from e and 
adjacent o e'. K will be defined in the following way: if r(e") = +l ,  
E(K)  = (e, e', e"}; if r(e") = - -  1, E (K)  = E(C)  - -  {e, e', e"). 
Second case. r takes only one of the two values --1 and -k 1. Then 
we may write no ---- kq,  k >~ 2. If  r takes the value + l ,  we shall choose 
for K any chain of length q § 1; if r takes the value --1, we shall choose 
for K any chain of length (k -- 1) q -- 1. 
It will be easily seen that in both cases K satisfies to the desired properties. 
Let then v and v' be the two end-vertices of K; v and v' are not adjacent 
in C. C being drawn without crossings on the plane, let us join v and v' 
by an edge e 0 drawn inside C. We obtain a 2-connected plane graph with 
an infinite face bounded by C and two finite faces bounded by two elemen- 
tary cycles C1 and Cz such that: 
V(C1) = V(K); E(C I )  ~- E (K)  ~9 {eo}; 
V(C2) = (V(C)  - -  V (K) )  W {v, v'}; E(C2) = (E (C)  - -  E (K) )  U {Co}. 
Let us define the patterns (L(C1), r0 and (L (Q) ,  r~) in the following way: 
Ye e E (CO - -  {co}, q(e)  = r(e); rl(eo) = - -  1 ; 
Ye e E(C2) -- {e0}, r2(e) = r(e); r2(e0) ---- § 1. 
By construction these two patterns are q-balanced, and their orders are 
less than no 9 From our induction hypothesis, there exist two even ?/-angu- 
lations G~ and G2 such that C~ is the boundary of the infinite face of G~, 
and the boundary pattern of (L (G) ,  r~) is the parity pattern (C~, p~) 
of G~ (i = 1, 2). The union of G~ and G2 along their common edge eo 
yields an even 7/-angulation G, the infinite face of which is bounded by C. 
Let (C, p) be the parity pattern of G. 
VV 1 e V(Cx) - -  (v, v'}, p(v l )  : p l (v l )  ~--- s(vx). 
VVz ~ V(C2) - -  {v, v'}, p(v2) = p2(v2) ~- s(v~). 
Let e~ be the edge of E(C  0 - -  {eo} incident o v (i : 1, 2). 
p(v)  : - -px(v)  p2(v) : --  [rl(el) rl(eo)][r2(e~) r~(eo)l 
~- r l(el)  r~(e2) = r(el)  r(e~) = s(v). 
In the same way p(v ' )  =- s(v') .  Hence (C, s) is the parity pattern of the 
~/-angulation G. This completes the proof of P"o " 
(c) Thus P ,  is true for every n. 
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IV. REMARK 
Our characterization result may be interpreted as an answer to the 
question: does there exist a plane 2-connected graph with multi-q-gonal 
(or q-gonal) faces, and even degrees with the exception of one face and 
vertices distributed in a specified way on the boundary of this face 9. 
Some of the results of Malkevitch [3] and Griinbaum [2] deal with this 
question or the dual one. I f  the answer to the question is affirmative, our 
proof of section I I I  yields an algorithm to construct a solution. 
V. OPEN PROBLEMS 
Define a (p (respectively:/3), q (respectively: F/))-angulation (p ~ 2, q ~ 3) 
or order n ~ 3 as a 2-connected plane graph G such that the degree of 
any interior vertex is a multiple of p (respectively: equals p); the length 
of any finite face is a multiple of q (respectively: equals q); the length of 
the infinite face C is n. 
Let ~ be any mapping of N into N. The ~-reduced valence pattern of G 
will be the pair (C, s) where s is the mapping of V(C) into N defined by: 
Vv ~ V(C), s(v) ---- ~b (degree of v in G). 
PROBLEM. Given p ~ 2, q ~ 3, n ~: 3 and 4: N --~ N, find a com- 
binatorial characterization of ~-reduced valence patterns of (p (or/3), 
q (or F/))-angulations of order n. 
We just studied this problem for (2, q) and (2, ~/)-angulations, ~b being 
the parity mapping. 
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